NONTRIVIAL ALEXANDER POLYNOMIALS OF KNOTS AND 
^ - LINKS 

O 

^ . STEFAN FRIEDL AND STEFANO VIDUSSI 

C 

, Abstract. In this paper we present a sequence of link invariants, defined from 

twisted Alexander polynomials, and discuss their effectiveness in distinguishing 
, knots. In particular, we recast and extend by geometric means a recent result 

of Silver and Williams on the nontriviality of twisted Alexander polynomials for 
nontrivial knots. Furthermore building on results in [7] we prove that these invari- 
^-H ' ants decide if a genus one knot is fibered. Finally we also show that these invariants 

, distinguish all mutants with up to 12 crossings. 

1. Definition of the invariant and main results 

Let L G he an oriented m-component link, and denote by X{L) = \h'L its 
^ ■ exterior. Let R = X oi R = ¥p: given a representation a : tii{X{L)) GL{R,k) 

ID '. we can consider the associated multivariable twisted Alexander polynomial € 

^ I R[tf^, . . . ,t^] (where ti, . . . ,tm correspond to a basis of Hi{X{L)) determined by 

\Q ■ the meridians to each link component), well-defined up to units. In Section [2TT] we 

O . recall the details of the definition. 

Q ! Let now a : vri(X) ^ Sk he a homomorphism into the symmetric group. Using 

the action of 5*^ on R'^ by permutation of the coordinates, we get a representation 
Tri{X) ^ Sk ^ GL{R, k) that we will denote by a as well. Consider now the set of 
representations of 7ri(X(L)) in the symmetric group, modulo conjugation: 



= {a : vri(X(L)) -> S^}/ ~ 
^ i where two representations are equivalent if they are the same up to conjugation by 

(73 I an element in Sk- Given a : 7ri(X(L)) Sk the polynomial A£ depends only on the 

equivalence class [a] of a in TZk{L). We now define the invariant 

[a\(ink{L) 

We will illustrate the effectiveness of this invariant by discussing some of the topo- 
logical information that it carries, and by using explicit calculations we show its 
ability to distinguish many examples of inequivalent mutant knots. 
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Our first result relates the link invariants A| with epimorphisms of the link group 
onto finite groups, which will lead to a useful topological interpretation (cf. Lemma 
I2.3p . Precisely, consider an epimorphism 7 : tti{X{L)) — > G, where G is a finite 
group of order k = \G\. Using the left action of G on its group ring we can define 
a representation, denoted with the same symbol, 7 : 7ri(X(L)) Autij(-R[G]) = 
GL{R, k). We have the following: 

Proposition 1.1. Let 7 : 7ri(X(L)) —>■ G be a homomorphism to a finite group G of 
order k. Then AJ^ divides A^. 

This relation is crucial in proving the following theorem, which shows that the 
sequence detects the unknot and the Hopf link. 

Theorem 1.2. Let L G he an oriented link which is neither the unknot nor the 
Hopf link (with either orientation). Then there exists a k such that A| 7^ ±1 G 

z[tt\...,tt\ 

In fact we will show that if L is neither the unknot nor the Hopf link, then there 
exists an epimorphism 7 : 7ri(X(L)) ^ G to a finite group such that A^ 7^ 1. (This 
result is nontrivial when m = 1 or 2.) For the case of knots this provides a different 
approach to a recent result by Silver and Williams [22]. 

The proof is based on the relation between twisted Alexander polynomials and 
covers of the link exterior, using ideas from previous papers by the authors [6l [7], 
combined with information on the topology of those covers arising from the work in 

If ii' is a fibered knot, its ordinary Alexander polynomial is monic. The following 
result, combining results from [S] and [7|, generalizes that assertion to A^ and shows 
that, at least in some cases, the converse holds true. 

Theorem 1.3. Let K G be a fibered knot, then G Z[t^^] is monic for any k. 
Conversely, if A^- is monic for all k and if K is a genus one knot, then K is fibered. 

Note that the converse also holds for knots whose exteriors has fundamental group 
that satisfies suitable subgroup separability properties. We refer the interested reader 
to [7] for details (the results in [7] are only stated for closed 3-manifolds, but they 
also hold for 3-manifolds with toroidal boundary). 

For a knot K the calculation of A^ can be done using the program KnotTwister 
[H]. Our computations in Section H] confirm that A\- are very strong knot invariants. 
For example computing A^- G Fi3[t^^] distinguishes all pairs and triples of mutants 
with up to 12 crossings (cf. Section H] for the definition of mutants). In Section H] 
we also show that A^ is not determined by either HOMFLY polynomial, Khovanov 
homology or Knot Floer homology. 

The paper is organized as follows. In Section [2] we give a precise definition of 
twisted Alexander polynomials and discuss some basic properties. In particular we 
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give a proof of Proposition 11.11 In Section [3] we give the proofs of Theorems 11.21 and 
11.31 We conclude the paper in Section H] with several examples and questions. 

Acknowledgment. The authors would like to thank Xiao-Song Lin for useful discus- 
sions and Alexander Stoimenow for providing the braid descriptions for the mutants 
and for giving very helpful feedback to the program KnotTwister. 

2. Twisted Alexander polynomials and finite covers 

2.1. Twisted Alexander modules and their polynomials. In this section we 
give the precise definition of the (twisted) Alexander polynomials. Twisted Alexander 
polynomials were introduced, for the case of knots, in 1990 by Lin [18] , and further 
generalized to links by Wada [25]. We follow the approach taken by Cha [2] and P|. 

For the remainder of this section let A be a 3-manifold (by which we always mean a 
compact, connected and oriented 3-manifold) and denote by H := Hi{N) /TotHi{N) 
the maximal free abelian quotient of 7ri(A). Furthermore let F be a free abelian 
group and let be Z or the field Wp := Z/pZ where p is a prime number. 

Now let (f) e Hom(if, F) be a non-trivial homomorphism. Through the homomor- 
phism 0, 7ri(A) acts on F by translations. Furthermore let a : 7ri(A) GL{R, k) be 
a representation. We write R^[F] = ®ji R[F]. We get a representation 

a®(t): 7ri(A) ^ AvX{R^[F]) 

We can therefore view R^[F] as a left Z[7ri(A)]-module. Note that this module 
structure commutes with the natural i?[F]-multiplication on R'^lF]. 

Let N be the universal cover of N. Note that 7ri(A) acts on the left on N as the 
group of deck transformation. The chain groups C=k(A) are in a natural way right 
Z[7ri(A)]-modules, with the right action on C^{N) defined via a ■ g := g~^cr, for 
a G C*(iV). We can form by tensor product the chain complex C*(iV) <^z[tti(n)] R'^IF]. 
Now define Hi{N; R''[F]) := Hi{C^{N) ®z[^i(jv)] R''[F]), which inherits the structure 
of -module. 

The i?[F]-module Hi{N] R^[F]) is a finitely presented and finitely related R[F]- 
module since R[F] is Noetherian. Therefore Hi{N; R^[F]) has a free -resolution 

R[FY ^ R[FY ^ Hi{N; R''[F]) 

of finite -R[F]-modules, where we can always assume that r > s. 

Definition 2.1. The twisted Alexander polynomial of {N,a,(f)) is defined to be the 
order of the i?[F]-module Hi{N] R''[F]), i.e. the greatest common divisor of the s x s 
minors of the s x r-matrix S. It is denoted by G -R[-F]. 

Note that this definition only makes sense since R[F] is a UFD. It is well-known 
that is well-defined only up to multiplication by a unit in R[F] and its definition 
is independent of the choice of the resolution. 



4 



STEFAN FRIEDL AND STEFANO VIDUSSI 



When is the identity map on if, we will simply write A^. Also, we will write 
Ajv,<^ in the case that a : 7ri(A^) — + GL(Z, 1) is the trivial representation. 

If = X{V) is the exterior of an oriented ordered link L = Li U • • ■ U Lm-, then 
we write for the twisted Alexander polynomial of Also, we can identify H 

with the free abelian group generated by ti, . . . , and we can view the corresponding 
twisted Alexander polynomial A^ as an element in -R[tf ^, . . . , t^^]. 

2.2. Twisted Alexander polynomials and homomorphisms to finite groups. 

Let A^ be a 3-manifold and let 7 : 7ri(A^) — G be an epimorphism onto a finite group 
G of order k = \G\. We get the induced regular representation 7 : 7ri(A^) ^ G ^ 
Aut(-R[G']) where g E G acts on R[G] by left multiplication. Since R[G] = i?'*^' we 
can identify Autij(-R[G]) = GL(_R, k). It is easy to see that the isomorphism type of 
the _R[ii]-module Hi{N; R''[H]) does not depend on the identification AutR{R[G]) = 
GL{R,k). 

The following lemma clearly implies Proposition 11.11 

Lemma 2.2. Let 7 : 7ri(A^) ^ G be an epimorphism onto a finite group G of order 
k. Then there exists a homomorphism a : 7ri(A^) Sk such that the corresponding 
representation 

a : 7ii{N) ^ Sk^ GL{R,k) 
is given by the regular representation 7 : 7ri(A^) — G — GL{R, k). 

Proof. Denote the elements oi G hy gi, . . . ^ g^- Since 7 defines an action on the set 
G = {gi,...,gk} via left multiplication we get an induced map a : 7ri(A^) — > Sk- 
Clearly the corresponding representation 

a : 7ri(A^) ^ Sk ^ GL{R,k) 

is isomorphic to the regular representation 7 : 7ri(A^) ^ G ^ GL{R, k). □ 

2.3. Twisted Alexander polynomials and finite covers. For the remainder of 
this section let 7 : 7ri(A^) ^ G be an epimorphism onto a finite group G of order 
k, and take R = Z. Denote the induced G-cover of A^ by vr : Nq — > A^. Also, 
denote by Hq the maximal free abelian quotient of 7ri(A^G')- the map vr^, : Hq — > H 
is easily seen to have maximal rank, hence in particular bilNc) > bi{N). Given any 
homomorphism (p : H F to a, free abelian group F we can consider the induced 
homomorphism (pc := 7T*(f) : Hq —>■ F. In particular, when (/) is the identity map on 
H, we have 0g = tt* : Hq H. 

We can now formulate the relationship between the twisted Alexander polynomials 
of A^ and the untwisted Alexander polynomial of Nq- 

Lemma 2.3. [6] Let 7 : vri(A^) ^ G be an epimorphism onto a finite group G and 
IT : Ng N the induced G- cover. Then 

a; = A^vg,^, ez[i/]. 
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Finally, we need to rewrite the Alexander polynomial Atvctt, in terms of the full 
Alexander polynomial of Ng] their relation is the following. 

Proposition 2.4. [6] [23] Let N be a 3-manifold with non-empty toroidal boundary, 
and let Nq be the 3-manifold defined as above. Furthermore let Ajv^. € '^[Hq] be the 
(ordinary multivariable) Alexander polynomial. Then we have the following equality 
m Z[H]: 

IfhiNa) > I, then 
(1) 

r n,{ANa) z/6i(Ar)>l, 

( (t^™^* - l)7r,(A^g) zfbi{N) = 1, ImTT^ = (t^™'^-), t G H indivisible. 
IfbiiNc) = 1, then bi{N) = 1 and 

(2) ^NG,n, = 7r*(AjVg). 

3. Proof of Theorems 11.21 and 11.31 

3.1. Proof of Theorem 11.21 The topological ingredient of the proof is a result on 
the virtual Betti number of link exteriors. This result can be deduced quite directly 
from \3', Theorem 1.3], but it is perhaps appropriate, in order to illustrate its nature, 
to break down the proof to emphasize the role of the JSJ decomposition of a link 
exterior. 

We start with the following results. 

Theorem 3.1. [121 US] Let N be an irreducible 3-manifold containing an essential 
torus or annulus S ; up to a lift to a finite cover, we can assume that S is non- 
separating. Then S is either the fiber of a fibration over S^, or the virtual Betti 
number vbi{N) of N is infinite. 

Remark. Recall that having virtual Betti number vbi {N) infinite means that admits 
finite covers of arbitrarily large Betti number. A priori, the covers do not have to be 
regular: however, to any finite cover A^ with fundamental group vr we can canonically 
associate a finite regular cover A" determined by the subgroup vf := npg7r^(Ar)]97rp~^. 
This subgroup is clearly a normal subgroup of both vr and 7ri(A^). Also, since tt C 
TTi ( A^) is of finite index we see easily that vf is in fact the intersection of finitely many 
subgroups of 7ri(A^) of finite index. Therefore vr C tt C 7ri(A^) is of finite index as well, 
and A^ is a finite cover. From standard arguments, we have &i(iV) > &i(iV) > bi{N), 
so we can assume that A^ admits finite regular covers of arbitrarily large Betti number. 
The set of left cosets tti{N)/tt is a finite group, that we denote by G, hence vf is the 
kernel of an epimorphism 7 : 7ri(A^) — > G, so that A^ = Nq- 

Theorem 3.2. [3, Theorem 2.7] Let N be an irreducible 3-manifold with non-empty 
incompressible boundary all of whose components are tori. Suppose that the interior 
of N has a complete hyperbolic structure of finite volume. Then vbi{N) = 00. 
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The topological ingredient in the proof of Theorem 11.21 is then the following obser- 
vation. 

Lemma 3.3. Let L = Li U ■ ■ ■ U C be an oriented link which is neither the 
unknot nor the Hopf link. Then vbi{X{L)) = oo. 

Proof. First note that if L is a split link, i.e. if X{L) = \i'L is reducible, then 
TTi{X{L)) maps onto a free group with two generators, which implies that vbi{X{L)) = 
oo (cf. e.g. [16J). 

We can therefore now assume that L is not a split link. In particular no component 
of L bounds a disk in the complement of the components. By Dehn's Lemma this 
implies that the boundary of X{L) is incompressible. As X{L) is irreducible and 
has boundary, X{L) is Haken, hence it admits a geometric decomposition along a 
(possibly empty) family of essential tori T. We will break the argument in subcases. 

First assume that T is non-empty. Clearly X{L) cannot be covered by a torus 
bundle over since X{L) has boundary. It therefore follows from Theorem 13. II that 
vbi{X{L)) = oo. 

Now assume that T is empty. By Thurston's geometrization of Haken manifolds 
we deduce that either X{L) is Seifert-fibered or the interior of X{L) has a complete 
hyperbolic structure of finite volume. 

In the hyperbolic case. Theorem 13.21 asserts that vbi{X{L)) = oo. 

We are left with the Seifert-fibered case. The classification of Seifert links (see 
[H Chapter II]) shows that L is the link obtained by removing m fibers, regular or 
singular, from the {p, g)-Seifert fibration of S^, where (p, q) are coprime integers or 
(0, ±1). Depending on the type of the orbifold quotient (see Jaco [131 Chapter VIII]), 
X{L) either contains essential tori or is special. In the former case. Theorem 13.11 
implies vbi{X{L)) = oo right away. If X{L) is special, checking case-by-case, L 
is either: a (nontrivial) (p, g)-torus knot, obtained by removing a regular fiber; the 
union of the unknot and its {p, g)-cable, obtained by removing a regular fiber and the 
fiber with multiplicity p (whose exterior is the p/q-cable space); one of a family of 
3-component links obtained by removing a regular fiber and the two singular fibers. 
In the last two cases, we can identify an essential, non-separating cabling annulus 
joining a regular and a singular fiber of the Seifert fibration. With the exception of 
the Hopf link with either orientations (corresponding to g = ±1) these annuli do not 
fiber X{L) by [H Theorem 11.2]. For a (p, g)-torus knot traced on a torus T, the 
annulus X{L) fl T is the only essential annulus, and it is separating, so we pass to 
some finite cover. However, this cover cannot be an annulus bundle over 5*^ (T^ x / 
or the twisted /-bundle over a Klein bottle), as by [11, Theorems 10.5, 10.6] the 
only manifolds covered by x J are x I itself and the twisted /-bundle over a 
Klein bottle, which does not embed in S^. It follows that, with the exception of the 
Hopf link with either orientation (for whom X{L) = T"^ x I), all these links have 
vbi{X{L)) = oo by Theorem 13. 1[ □ 
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The following theorem, together with Proposition 11.11 immediately implies Theo- 
rem [T21 

Theorem 3.4. Let L = Li U ■ • ■ U C be an oriented link which is neither the 
unknot nor the Hopf link. Then there exists an epimorphism 7 : 7Ci{X{L)) —>■ G onto 
a finite group G such that 7^ ±1- 

Proof. Since L is neither the unknot nor the Hopf link, Lemma [331 implies that there 
exists a cover X{L)g with bi{X{L)G) > 2. As X{L)g has non-empty boundary all 
of whose components are tori. Corollary II. 4. 4 of [23] implies that the sum of the 
coefficients of Ax{l)g zero. Hence, by Proposition 12.41 the sum of the coefficients 
of Ax{l)g,tt* is zero as well, hence, by Lemma [531 ^x(l) cannot be ±1. □ 

When L is the unknot or the Hopf link, X{L) is homeomorphic to x and T'^xl 
respectively. In particular, the maximal (free) abelian cover X{L) is contractible. 
Given any representation 7ri(X(L)) GL(_R, k), we have 

ifi(X(L); R'^lH^iXiL))]) = H,{X{L)- R^) = 0, 

where the first isomorphism follows from the Eckmann-Shapiro lemma. As the cor- 
responding twisted Alexander module is trivial, A| = 1 for all k. This implies that 
the sequence detects the unknot and the Hopf link. 

3.2. Proof of Theorem 11.31 Let K d he a. fibered knot; it is shown in [5] that 
A^ is monic for any representation a : t[i{X{K)) GL(Z, k) (cf. also [2] and |10j). 
This clearly implies that A^- is monic for all k. 

Now let i^' be a genus one knot such that A^- is monic for all k. We denote by Nk 
the zero framed surgery along K. Gabai [9J showed that K is fibered if and only if Nk 
is fibered. Clearly, has vanishing Thurston norm. Under this hypothesis we show, 
in [7] that if Nx is not fibered, then there exists an epimorphism (3 : tii{Nk) —>■ G 
onto a finite group G such that A^^ = 0. 

Now consider the homomorphism 

-f:-K,{X{K))^m{NK)^G. 

Since 7ri(X(i^)) T^iiNx) is an epimorphism, it follows from the 5-term exact 
sequence (cf. [H Chapter VII, Corollary 6.4]) that Hi{Nk] R''[t'^'\]) is a quotient of 
iJi(X(if); i?'^[t^^]), hence there exists a polynomial p{t) G TL^'^^\ such that A]^ = 
p(i)A^^. (cf. also [15]). In particular 1^x{k) ~ ^- ■'^^^ then Theorem 11.31 follows from 
Proposition II. 11 

4. Calculations 

A natural test for invariants is their ability to detect mutation. Recall that two 
knots Kx and are called mutants if there exists a ball in S'^ whose boundary meets 
the knots in 4 points, such that removing the ball, rotating it by vr around an axis (in 
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Figure 1. The Conway knot and the Kinoshita-Terasaka knot. 

a way which preserves the 4 points), and gluing it back turns Ki into K2- Figure [1] 
shows perhaps the most famous pair of mutants, namely the Conway knot II401 and 
the Kinoshita-Terasaka knot 11409- (Here we use Knotscape notation for knots with 
more than 10 crossings, it is organized so that non-alternating knots are appended to 
alternating ones instead of using 'a' and 'n' superscripts.) In both cases there exist 
seven equivalence classes of abelian homomorphisms 'Ki{X[K)) — >■ 5*5 and one non- 
abelian equivalence class of homomorphisms 7ri(X(i^')) — >■ S^. Using KnotTwister we 
can compute their invariants: 

Af^^^^ = 1 + 6t + + 12t3 + + 3^6 + ^7 ^ 3^8 ^ ^9 ^ i2tll + 9^12 + g^l3 ^ ^14 

Afi = 1 + lit + 12t2 + I0t3 + + 11^5 ^ 4^6 ^ ^ 5^8 ^ ^Q^9 ^ i2fW + 11^11 + f 

where both polynomials are considered in Fi3[t=''^]. Note that Wada [25] used parabolic 
representations to SL(Fi7, 2) to show that these two knots can be distinguished using 
twisted Alexander polynomials (cf. also [T2j). 

We have computed A^- G Fi3[t^^] for all groups of mutant 11-crossing knots for 
the smallest value of k that distinguishes the mutants. The results are tabled in the 
Appendix. We also computed A|^ for all groups of mutant 12-crossing knots, and 
again we verified that distinguishes the mutant knots. 

We can summarize these computations in the following lemma. 

Lemma 4.1. Let Ki,K2 be a mutant pair with 12 crossings or less. Then 

Note that the results of Section [3] can be interpreted as stating that the sequence 
A^- detects the unknot, the trefoil knot and the figure-8 knot (which are the only 
fibered genus one knots). This raises the question about how effectively the sequence 
A|^ at distinguishes knots in general. 

In fact, we can use A^ to examine pairs of knots for whom other invariants are 
inconclusive. For example, the knots IO40 and IO103 are alternating knots with the 
same HOMFLY polynomial (hence same Jones and Alexander polynomial) and the 
same signature. As Ng |20j, p. 292] points out this implies by |17] and ^SlJ that IO40 
and IO103 also have the same Khovanov homology and the same knot Floer homology. 
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One can verify that Afg^^ = Af^^^^ e ¥i3[t^^] and that 7^4(1040) and 7^4(10io3) have 
eight elements each. Furthermore in Fi3[i='=-'^] we have 

Afo^^ = 1 + + + 12^4 + 8^5 ^...^8^176 ^^178 

Afoj^3 = 1 + lU +12i2 + + 2^4 + + ... + 12fl70 + 11^171 +^172_ 

So the invariant Aj^ is neither determined by Khovanov homology nor by Knot Floer 
homology. 
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Appendix 

The following table lists all mutant pairs of knots with 11 crossings, together with 
the degrees of G Fi3[t='=^] (for the smallest k which distinguishes the mutants) and 
the first 5 terms of A|-. All computations take place in the ring Fi3[i='=^]. Note that 
the first five pairs of mutants are also distinguished by A|^. 



Knot 


7 

k 




deg(A^) 


Lowest and highest terms of A^ e Fi3[t=^^J 


11.14 
lll7 


3 

3 


7 
1 


160 

1(30 


1 + 12t + 2t2 + 7t^ + 8t^ + + ■■■ + 12ti59 + ti60 

1 + 12f + llf- + llf + if- + -it + ■ ■ ■ + lit + t 


II57 
II23I 


3 
3 


7 
7 


160 
160 


l + 12t + 5t^ + 3^3 + 2t^ + lOt^ + h 12t^''^ + t^so 

1 + 12t + t + 7t'^ + 12t* + 7t° -\ h 12^^°^ + 1^^ 


11 438 
11 442 


3 
3 


7 

7 


118 
118 


1 + lit + 9t2 + 4t3 + + . . . + lltii7 ^ ^118 

1 1 iii 1 oj*? I Oi*^ 1 ±A 1 r\ 1^ 1 1 11(117 1 ills 

1 + lit + 3t + + t + lOt^ + h lit + t 


11 440 
11 441 


3 
3 


7 
7 


88 
76 


1 + lot + + 12^3 + ^ 5^5 ^ . . . ^ iQ^%7 ^ ^88 

1 + lot + lot + 1 It'^ + 3t^ + 2t° + h 10t'° + t'^ 


11 443 
11 445 


3 
3 


7 
7 


160 
160 


1 + 2t + 2t2 + 8t3 + + 9t5 + • • • + 2t^59 + t^™ 
1 + 2t + 6^"^ + 3t'^ + 6r + 9t^ H h 2^^^^^ + 


II19 
II25 


5 
5 


13 
12 


496 
460 


1 + 9t + 2t2 + I2t3 + + 6t^ + • • • + 4^495 + 12t^96 
1 + 2t + 7t^ + gt"* + 1* + 2t^ H h 2t^°^ + r^^ 


II24 
II26 


5 
5 


10 

9 


388 
352 


1 + 9t + llt^ + t^ + lOt^ + + ■■■ + 9t387 + t388 

1 + 2t + 7^^ + 8t'' + 8t + 8t° + h llt'^^^ + 12t^° 


II25I 
11 253 


5 
5 


11 
11 


424 
424 


1 + 8t + 7t2 + 5t3 + 12t4 + 4t5 + ■ ■ ■ + 5t423 ^ ^2t424 

1 1 oj. 1 o_i.2 1 r_i.3 1 _i.4 1 r\_i.5 1 1 r_i.423 1 1 rij.424 

1 + 8t + 3t + 5t + t + 9t^ + ■ ■ ■ + 5t ^ + 12t 


11 252 
J- J- 254 


5 
5 


9 

10 


352 
388 


1 + 2t + 5t3 + 6t^ + Ut^ + • • • + llt^si + 12t352 
1 + 9t + 3t + 2r + I + 6t + • • • + 9r + t 


11 402 
II4IO 


5 
5 


17 
15 


466 
418 


1 + 4t + 3t2 + 7t^ + 8t^ + 6t^ + • • • + 9t^6^ + 12t^66 
1 + lot + lOt^ + 4t=^ + 2t^ + 5t5 + • • • + 3t^^^ + 12t^i« 


11 403 
II4II 


5 
5 


9 
9 


352 
352 


1 + 12t + 4t2 + 7t3 + 7t^ + 7t5 + • • • + t=^5i + 12^352 
1 + 12t + 3t2 + 9t3 + 2t^ + t^ H V t^si + 12t352 


11 406 
II412 


5 
5 


17 
19 


288 
408 


1 + 8t + 2t2 + 7t''^ + 2t^ + 5t5 + ■ ■ ■ + 8t287 + t288 
1 + 2t + t2 + 12t3 + 3t4 + 5t5 + ■ ■ ■ + 2t407 + t^os 


11 407 
II413 


5 
5 


12 
12 


336 
340 


1 + 7t + 4t2 + 5t3 + 5t^ + et^ + ■ ■ ■ + 7t335 + ^336 

1 + t + 2t2 + t^ + 3t5 + ■ ■ ■ + t339 + t=^40 


11 408 

11 114 


5 

5 


15 

16 


568 

601 


1 + 4t + 3t3 + 6t^ + 5t5 + ■ ■ ■ + 4t5^^ + t^6^ 

1 + 11/2 + ;^Q^3 + 7f 1 + 5f-. + . . . + 2t""2 + 12t*"''" 


II5I8 
II519 


5 
5 


12 
11 


220 
228 


1 + t + 12t2 + 12t3 + 3t4 + llt^ + h t^^^ + t^2° 

1 + 3t + 7t2 + llt^ + 3^4 + 5^5 ^ . . . ^ iQ^227 ^ I2t228 
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